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ABSTRACT. This paper considers a study where each subject may experience multiple 
occurrences of an event and the rate of the event occurrences is of primary interest. Specifically, 
we are concerned with the situations where, for each subject, there are only records of the 
accumulated counts for the event occurrences at a finite number of time points over the study 
period. Sets of observation times may vary from subject to subject and differ between groups. We 
model the mean of the event occurrence number over time semiparametrically, and estimate the 
regression parameter. The proposed estimation procedures are illustrated with data from a bladder 
cancer study (Byar, 1980). Both asymptotics and simulation studies on the estimators are 
presented. 

Key words: estimation equation, recurrent events, semiparametric regression model 

1. Introduction 

We consider a longitudinal study, such as a clinical trial or an industrial experiment, where the 
primary endpoint is occurrence of a specific event and each subject may experience the event 
repeatedly over time. There are well-developed methods for analysing recurrent event data 
when time to each event occurrence is observed, such as those reported in Prentice et al. 
(1981), Andersen & Gill (1982), Wei et al. (1989), Pepe & Cai (1993), Lawless & Nadeau 
(1995). This paper is concerned with the situations where observations on each subject are 
taken at several distinct time points, and thus only at the time points are accumulated counts 
of the event occurrences, as well as covariates, recorded. Data of this type, often referred to as 
panel counts, arise frequently in practice. For example, there may only exist records on the 
cumulative numbers of asthma attacks and other related information of a patient at his clinical 
visits. 

There have been some notable studies on panel counts data. Thall & Lachin (1988), for 
example, considered the two-sample testing problem when subjects have the same set of 
observation times. Sometimes sets of observation time points may vary from subject to subject 
and may also depend on covariates. For example, in a bladder cancer study conducted by the 
Veterans Administration Cooperative Urological Research Group of USA, all subjects had 
superficial bladder tumors when they entered the trial (Byar, 1980). These tumors were 
removed transurethrally and then subjects were randomly allocated to one of the three 
treatments, placebo, thiotepa and pyridoxine. Many subjects had multiple new tumors during 
the study. The new tumors were removed at the clinical visits of the subjects. Tables 1 and 2 
present the numbers of new tumors discovered at those visits for the subjects in the placebo 
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Table 1. Number of new tumors at each visit for subjects in placebo group 

Month since entry 

Patient Initial Initial 1 23 4 56 7 8910 111213 14 16 18202224 2628 30 3234 36 38 404244 4648 
ID number size 

1 1 3 0 ......................... 
2 2 1 0.0. ....................... 
3 1 1 ....0...................... 
4 5 1 .0. ...00..................... 
5 4 1 0..0.10.0. ................... 
6 1 1 .0....0 ..0................... 
7 1 1 .0.....0.2...3.0 ................ 
8 1 1 .0. .....0..0................. 
9 1 3 ...2 ...0.0...0................. 

10 1 3 . .0 ...0O..6 ....3...0... 0.............. 
11 1 1 0.8 .... 0 .0 . .0..8..0 ... 8.............. 
12 3 1 ..1..0..IO.. 0.0. 0 . .08.-0.............. 
13 3 3 ..0..0. .0 .0. .0 ...0.... 0.............. 
14 2 3 .0.. 8 .7 .0..5.....7............. 
15 1 1 ..1..0. .0. .0..1.0..0 .0-3..3............ 
16 8 1 8..0O..0 ...0.A0..0..0 .... 00 ............ 
17 1 4 .4.. 0...........8............. 
18 1 2 . 0.0.0....O.0....0 0 .0............ 
19 1 2 ...0..........3.0. ........... 
20 1 4 ...0..0.....0.......0........... 
21 1 2 .0.0. ....0........0........... 
22 4 1 0. .0 . 0 . 0.0...0....0...0........... 
23 1 5 .4 ....0....2...40...0.0 .......... 
24 2 1 ..1-.3. 3... 30 .0 0 00...00 .. 3...0.......... 
25 1 6 .0 . 00 . 0 .. 0.....0...2.1 .......... 
26 1 3 0 .0 0 .0. .0 . .2 . .3..0.1.....0..0......... 
27 1 2 . .A..0.0. .0.0..0..O0...0...0......... 
28 2 1 ...0...0.0.. 0.....0.....00.00 ........ 
29 2 1 . .0..0..0.0..0.0.. 0..0....0...0 ....... 
30 3 1 ......0......0.....8....0........ 
31 1 2 0 . 0...0....0....0....0...0....... 
32 4 1 0.0 ... 8.... 0..2.... 5.1I...0.. 0....0... 0.. ... 
33 5 1 .0 .00 . .0 . .0... 01..8 ...1I.0 ..2 .. 0.I. . 0 . .3..... 
34 1 2 .0. .0 . .0. 0 . .0..0..0 . .0..0.0....00...0.... 
35 1 1 .3. 0 . 0 .0.0 ...0....0.0.0.0 ... 0.... 
36 2 6 .0..100 . .0 . .0.0 0.. 0.. 0.....0.0....0 ... 
37 2 1 .5.0 3 . .4.... 0.. 0..0 . .0...0..0..-0..0..0.-0..-0 .... 
38 1 1 .0... 0 . .I.3 .0... 0..I. .0 .. 4... 3. 0.. 0...0 . .0. .0... 
39 1 1 ..0 .. 0 . .0 .0...0..1I... 0..0 . .0.. 0-..0 . .0.0....0 .0 
40 1 3 ... 0.0...0...0....0....0...0....0...0.... 
41 3 1 .0. 0....0...0....0...0.1....... 0 . 0 . 
42 1 7 0.. ..0 . .00 ..1I...0..0.. 0..0 . 0 .0 .0 ... 0.. 0. .0. 
43 3 1 .7.....0...2......0...0..0....0...3... 
44 1 1 0 . .0 . .0..0 . .0 ..0 ..0 0....0 ....0.0.. 0 .0.0.. 
45 3 2 I.1..0 .0 ..0 . .0 .3... 0.... 4 . .0..3...4 . .0.1I...1I. .0.. 
46 1 3 0 . .3 . .0. .0 ..4...02 0 ..0... 5 .0... 0..0.... 9..-0 0 0 
47 2 3 .1..0 . .3 ... 6 2. . .2...1.0 0 . .0.. -0..1. 0 ... 0... 0... 

and thiotepa groups, while for each subject time points without a visit are marked by dots. We 

envision that we would observe a counting process for each subject's tumor accumulation if we 
couildi monitor closely and( record the tuimor occurrences in real time. Yet, in reality only the 
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Table 2. Number of new tumors at each visit for subjects in thiotepa group 

Month since entry 

Patient Initial Initial 1 23 4 56 7 8910 1112 1314 16 18202122 2426 28 303234 36 3840 4244 4648 
ID number size 

48 1 3 0 .......................... 
49 1 1 0 .......................... 
50 8 1 ...8 ........................ 
5 1 1 2 000000000...................... 
52 1 1 ...0.. 0...................... 
53 1 1 .0..... 0..................... 
54 2 6 I.1.0 ..0 .0 . 0 .................... 
55 5 3 5.2.5.2-.2-.0-00.................. 
56 1 3 ...0 ...0 ...2 0.................. 
57 5 1..........0.................. 
58 5 1 0 20 ........ 0................. 
59 1 1 000000000 ...0 0 0 0 1 .1.0............... 
60 1 1 . 0 . .0.... 0....0 . .0... 0................ 
6 1 1 3 00 0...0 ..0 ...0 . 0 .. 0.............. 
62 1 5 0 .... 0 .0 .... 0 ... 0.............. 
63 1 1 00 00 00 0 00 0 .0 .00 . .0 0. .0 0 .0............. 
64 1 1 000002.. 0 03 1.... 0 . 0 .0............. 
65 1 1 0 .0. .1I...0 . .0 . .0....0....0............. 
66 2 1 .2..............0............ 
67 8 3 . 0 . 0 . 0...... 0 .0 0 ..3 . .0. .0 . .3 0........ 
68 1 1 00 00 00 00 00 00 00 .0 00 0 .00 0 .00 ...... 0...... 
69 6 1 00 01 . .0 00 00 00 0 .3 .0 0 .0 03 .0 03 .0... 8 .09 8 .0...... 
70 1 1 000 00 00 0 000 0 .00 0 .00 0 .2 10 0 .2 0. . .3 .0.... 0...... 
7 1 3 1 ...0..... 0 . 0.... 3 .2 .1...... 2....... 
72 3 2 0 00 00 00 0 .00 00 00 00 00 00 00 .0 00 00 00 00 0 .0 0. ..0 .... 
73 1 1 00 00 . .0 000 00 0 .00 00 00 00 0 000 00 0 .00 0 00 ... 0.... 
74 1 1 1 .0... .0... 0... .0 00 .0 00 0 .01 .0 0.0 0. . 00... 0.... 
75 1 1 .....0 ........ 0 .......... 0..... 
76 6 1 0 2 .0 .0 0 .00 00 0 000 0 001 . .2...10 .0 .... 8 . 0 . 0.... 
77 1 2 ..0 . 0 . 0 . 0 . 0 .....0 .0 ...0 .....0. ....0.....0 ....... 
78 1 4 010 . .0 0 00.0 0 00 00 00 00 00 00 0.. 0 ...0 ...0 ....0 .... 
79 1 4 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 .0 00 00 ......0. . 
80 3 3 ...... 0 .. 0.....0... 0....... 0...... 
8 1 4 1 .1..I 0...0 .... 0 .1..... 0 .0 . 0.... 0.1.... 

83 2 1 0000.0.....0.00......0....0......0....0 .2.. 0 . 0.0.... 
843 4 000000000 0 -0 . 0-00 --0 -00000000 --0 --00000000....2 0 ...0 . .0...0 

85 1 3 000 00 00 00 00 00 .0 .0 0.-00 0 .00 00 00 00 00 00 ... 0..... 

counting process is observed at a finite number of time points. Two potentially important 
covariates, the number of initial tumors and the size of the largest initial tumor of each subject, 
are also shown in the tables. It is noticeable, by comparing the two tables, that the subjects in 
the thiotepa group tended to visit the clinics more often than those in the placebo group. This 
is probably due to the fact that thiotepa had to be instilled in the bladder and, therefore, 
the subjects in this group needed to visit the clinics more. As indicated in Byar (1980), one of 
the study objectives was to evaluate the effectiveness of thiotepa based on comparison of 
the placebo and the thiotepa groups in tumor accumulation. The different observation 
patterns should be taken into account in the treatment evaluation. The number of observation 
times is large, compared to the sample size, and subjects within each group seem to have 
various observation times. This creates concerns about efficiency and implementation of the 
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commonly used methods, such as the generalized estimation equation approach (GEE, 
cf. Diggle et al. 1994). 

Motivated by the bladder cancer data, we consider a semiparametric regression model and 
estimate the regression parameter with the baseline function unspecified. Learning from the 
structure of the estimation equation based on the Cox partial score function for Poisson 
processes (see Andersen & Gill, 1982; Lawless & Nadeau, 1995), we construct two estimation 
equations. Our approaches allow for imbalanced and different observation mechanisms 
among subjects and between groups. This work provides an alternative to the existing 
approaches as discussed in Lawless & Zhan (1998) and Sun & Wei (2000). Assuming piecewise 
constant rate functions, Lawless & Zhan (1998) considered a likelihood based approach and 
an extension of GEE. The approach given by Sun & Wei (2000) may be viewed as a special 
case of our second approach, which is presented in section 2.3. The methods and associated 
discussions in this paper apply quite generally. With little modification, for example, our 
methods can be used in the situations where the response process is not necessarily a counting 
process. To focus, we concentrate on the panel counts data that motivated the study. The 
remainder of this paper is organized as follows. Section 2 proposes two estimation procedures 
for the regression parameter and presents the asymptotics properties. In section 3, the 
proposed methods are illustrated with the bladder tumor data. Section 4 presents a simulation 
study on the finite sample performances of the two estimators. Some remarks are given in 
section 5. 

2. Regression estimation 

We begin by introducing the notation and describing the general setting. Two estimation 
equation based approaches to estimating the regression parameter along with their 
asymptotics properties are then presented. 

2.1. Notation and setting 

Suppose that a counting process {Ni(t),t ,0} associated with subject i from a group of 
independent individuals, i= 1... ., n, is potentially observed only at finite time points Xil: 
0 < (cil < Xi2 < ... < XiK < 0O, where Xil and Ki are random. Here N (t) represents the number 
of accumulated occurrences of a specific event that subject i has experienced up to time t since 
his entry to a study at t = 0. Without loss of generality, assume that Ni(0) = 0. In the bladder 
cancer study described in the previous section, for example, Ni(t) is the cumulative number of 
new tumors of subject i at study time t, and Qil is the time of his lth clinical visit, 1 = 1, . . ., Ki. 

The objective is to assess the effects of covariates on the event occurrences. To avoid strong 
assumptions about the counting process, we consider a "marginal" model for the means or the 
rates of the event occurrences as follows. 

Suppose that conditional on a p-dimensional covariate Zi, the expectation of Ni(t) is 

E{Ni(t)IZi = zi} = AO(t) exp((#'zi), t 0, (1) 

where the baseline Ao(t) = fA Ro(s)ds is unspecified, and the parameter ,B is p-dimensional. 
Notice that if {Ni(t),t ,0} is a Poisson process, its intensity function conditional on the 
covariate is the same as the conditional rate function corresponding to (1), that is, 

E{dNi(t) IZ1 = zi} = Ao(t) exp(/3'zi)dt, t 0. See Lawless (1995) and Lawless & Nadeau (1995) 
for more discussion on this model. 

It is of primary interest in this paper to estimate the regression parameter ,B from the panel 
counts data along with observed covariates: 

? [(ril, ofi (il))o: I = t,h -,ScnKi;nzia : i a= o, . Sasi,2n03 (2) 
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We denote the accumulated number of observations on subject i up to time t by Oi(t), that is, 

Oi(t) is the counting process 

Ki 

Oi (t) =EI4 t), t >- O, 
1=1 

where I(A) is the indicator of set A. Let oi(t) = Oi(t) - Oi(r) so that oi(t) indicates whether 
subject i has an observation at time t. Suppose that ci, i = 1,..., n, are censoring times 
associated with the subjects, and that the cis are observed values of random variables 

Cl, . . ., Cn generated from a distribution G(.) on [0, T] with limtT G(t) < 1, where 0 < T < oc. 
We assume that the censoring distribution has a mass at the maximum point T. Note that the 

condition on G(.) is not essential but without it we have to spend a substantial portion in the 
study of asymptotics to control the so-called tail instability, see the related discussion in Tsiatis 
(1981) and Bilias et al. (1997). In practice, in order to satisfy the constraint, we may choose, 
artificially, a finite value which is close to but smaller than the maximum of observed censoring 
times, and use the value to approximate the censoring times beyond it. Using this value as T 
will not result in much efficiency loss in analysing the data. 

This paper supposes that {Ni(.), Oi ),Zi,Ci}, i = 1, ..., n, are i.i.d. Suppose further that 

Ni(T) and Oi(z), along with E{ZX' exp((#'Zi) }, for j = 0, 1, 2, are bounded, where Z@? = 1, 

Zil' = Zi, and Z?2 = ZiZ'. A crucial assumption we make in this paper is that N&(.), Oi(-), and 
the censoring time Ci are independent, given the covariate Zi. This assumption is plausible in 
the bladder cancer example. Firstly, the censoring was mainly due to the subjects' staggered 
entries and there were no informative drop-outs. Secondly, the model assumes that the 
cumulative new tumor numbers and the clinical visits are independent for subjects within each 
treatment and with the same initial condition, when the covariate includes the treatment 
indicator and the initial condition. Tumor accumulation, especially with small amount in the 
case of the bladder cancer example, unlikely affects the pattern of subjects' clinical visits. There 
is a discussion in section 5 on the situations where the independence assumption is violated 
and on a diagnosis for the assumption. 

2.2. Estimation conditional on observation process 

To begin with, we form a new process associated with subject i based on the data of (2): 

rt 

Ni(t) = jNi(s)dOi(s), te O. 

This newly defined process only has possible jumps at the observation time points 

4il : I = 1,...,Ki} with respective jump sizes Ni(il). It is available under the current 
observation mechanism up to censoring. The process satisfies 

E{dNi(t)IOi(s),O < s<t;Zi =zil = Ao(t)exp(f'zi)dOi(t). (3) 

This leads to the following approach. 
In the following we assume E{o (t)} = p(t) > 0 for t E 

- C [0, z], where Y is not empty. 
This ensures that there is more than one subject having observation at some time points when 
the study size n is large enough. Note that the set .7 is finite in the situations considered in this 
paper. Define 

EI(ci >, t) zX exp (fitzi)oi(t) 

SCU (f; t) n=n 
Zoi(t) 
i=1 

?3 Board of the Foundation of the Scandinavian Journal of Statistics 2003. 
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for t with EZnI oi(t) > 0 and j = 0, 1, 2. If {Ni(t), t) O} were Poisson, we would consider the 
corresponding Cox partial score function to estimate ,B (see Andersen & Gill, 1982; Lawless & 
Nadeau, 1995). Borrowing the structure of the Cox partial score function, we construct an 
estimating function of , in the form of 

n Tl 
Uf(13; N, w) = j w(t)I(c1 t){zi - c(t; /3)}dNi(t) (4) 

with w(-) being a weight function and Zc(t 3)-S((/l; t)/S(/3; t). Here Zc(t;,/) is well- 
defined at t E [0, T] when E7I= oi(t) > 0, which is sufficient for (4) and other integrals involving 
Zc(t; /3) in the remaining paper. Since Y is a finite set, the integral in (4) and similar integrals 
below are finite sums. 

The estimating function is evaluable from the data in (2). It is easy to verify that, for a 
general process satisfying (3), the estimation equation U,'(/3; N, w) = 0 is still unbiased for /3. 
Solving this estimation equation provides us with an estimator of /3, denoted by K. Notice 
that, in the simple situation where every subject only has observation at time T < r and is 
censored at T, with a constant weight function, the estimating function (4) reduces to 

n (nrT I ~ (n 

UC (/;N, 1) = ZiNi(To) En e(z )dNi(t)) X Vz.exp(/3z.)} 

which may be viewed as the estimating function obtained through approximating 
3n= IziNi(To) by its estimated expectation conditional on Zi =zis, Ao(To) En Izi exp((#'zi) 

with Ao(.) being the Breslow estimator of Ao(.) (see Fleming & Harrington, 1991, ch. 4). 
The following discussion focuses on w(-) = 1 for t E [0, z]. Results presented below can be 

straightforwardly extended to situations with any deterministic weight function. 
In appendix A, we show that the estimator /3c is consistent and asymptotically normal. The 

asymptotical covariance matrix of -/F(fc - /3) is Zc = Ac(,B)/1Bc(/O)Ac((,)'l, where 

AC(A) =-E {jI(Cl > t) [(2)(/3) Zc(t;/3)2] dNi (t)} (5) 

and 

Bc(/3) = E [ [JZ - zc(t; 3)]dMlc (t; )1 } = var{ [Z, - zc(t; /)]dMic(t; /)} (6) 

with 

S(C (:; t) t E I(Cl ) t)Z i exp(fl'Z1 )o1(t)} 1_(t1, t 

for j = 0, 1, 2, 

sM (/3; t) 
zc(t; /3) = lim Zc(t; /3) = ?(/3 t) 

almost surely, and 
I.t 

MiC(t; ) = ] I(ci s)[dNi(s) - Ao(s) exp(/3'zi) dOi(s)] 

for t c [0, z]. In the above, we assign zero to s 2)(/3; t)/s?) (f/; t) and zc(t; /3) when E[I(Cl ?t) 

exp(,B'ZI)ol(t)] = 0. 

C) Board of the Foundation of the Scandinavian Journal of Statistics 2003. 



Scand J Statist 30 Estimation from panel counts 31 

The covariance matrix Ic is consistently estimated by 

2c = Ac(#)-'Bc(#)Ac(l)-1 (7) 

with the parameter / substituted by its estimate /3, where 

lOu'c(/3; ;N,1) 1 SIC' [)(/3; t) -0 21dit Ac(#) = =- -- I (ci t) -ZC(t;13)I dN(t) (8) 

and 

n o~~~~~~~2 

Bc(1l) = - Zc(t; f)) dM,c(t; 1) (9) 

with 
n 

E I (ci -> t)Nj (t) oi (t) 

0l t;t n (10) 

,I(ci >, t) exp(,B'zi) oi (t) 

and 
I.t 

piC(t; /3) ] 
I(c, s)[Ni(s) - AC(s; 13) exp(/3'zi)] dOt(s) 

o~~~~~~~ 
for t E [0, T]. The previous comment on the definition of Zc(t; /3) applies to AO (t; 1B). 

We remark that, to employ this approach in the continuous time situations, we may need to 
discretize the time scale to meet the requirement of E [oi(t)] p(t) > 0 at some time points in 

[0, T]. 

2.3. Estimation by modelling observation process 

An alternative to the above approach is obtained by modelling the observation process. 
Suppose that the observation process follows the model 

E{dO0(t)jZj = zi} = exp(x'zj)d/io(t), (11) 

where uo (-) is either discrete or absolutely continuous with respect to Lebesgue measure. 
Combining models (1) and (11), we have 

E{dNj(t)jZj = zj} = exp(f'zj)dAo(t), t?>O (12) 

with Ao (t) = Ao (s)dlto(s) and ,B = /3 ? a. 
The Cox partial score function of ,B, if {Ni(t), t > 0} were Poisson, would be 

E j I(ci ? t) {zi - ZM (t; B) }dNi(t), 

where 

n SM (/3; t) = EIc tzep i 

for j = 0,1, 2, and ZM(t; ,B) = SM)(fl; t)/Sm(?)(,; t). This suggests an unbiased estimation 
equation for /, U,(l; N, w) = 0, where 

Un" (f; N, w) = j w(t)I(c1 > t) {zi -ZM(t; ) }dN1i(t) (13) 

?) Board of the Foundation of the Scandinavian Journal of Statistics 2003. 
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with w(.) a weight function. Solving the estimation equation gives an estimator for,/, denoted 
by fin. An estimator for the regression parameter /3 is then obtained as given by /f = in -a. 

In practice, a is usually unknown. We can consider to substitute a by the estimator &, obtained 
by solving an unbiased estimation equation, Un"(a; 0, wo) = 0, where 

n OT 

Un (at; O, = ZJ wo(t)I(ci t){zi - ZM(t; a)}dOi(t). 

The weight function wo(-) could be different from the weight in U'(3; N,w) of (13). 
The estimating function (13) could be viewed as a generalization of a reasonable estimating 

function 
n 

n r n E ZN1(t) 
Ez; NiN(t)dt - {Zi exp(/3'zi)} X n 

1 dt 
Jo Zexp(f3'z1) 

for the situation where every subject is censored at -c, the weight function is constant, and N&(.) 
is observed over [0, r]. 

We remark that, in contrast with the approach in section 2.2, this approach requires 
knowledge of the censoring times cis. In practice, we may use the last observation times to 
approximate cis when the values of cis are not available. This will not have much effect on the 
inference, since cis are used only for evaluating ZM(t; y) in the estimating functions 

Un"(fl; N, w) and UnQ(a; 0, wo). Again we focus on the constant weight function w(.) = 1 
and wo (-) = 1, for t E [0, r]. Results presented below can also be straightforwardly extended to 
situations with general deterministic weight functions. 

Appendix B shows that the estimator "m is also consistent and asymptotically normal. The 
asymptotical covariance matrix of /(,4'-,1) is 

EM = (1lxp,-1lxp)AM(P, oa) BM(fl, a)AM(f, c) (l1XP,-1IXp)' (14) 

with 1 l xp the 1 x p matrix consisting of all Is, where 

AM(/, ot) =-E } (5 ) 

with 

A1j (fi, a) = j I(C1~) t)[xosm(f; t)-M(t; ) dNl (t) 

and 

AM7(#,c) = ftI(cl t) tsz(0t) -ldO1(t) Jo [si) (x;~~t) 

and 

BM(2 , )= B fJo [Zi - ( t) a3)dM4 (t; X) 2 (d16) - Mt; c)dMfm7(t; l) J 

with 

SU)(yt) - E{I(C1 > t)ZO 'exp(y'ZI)}, 

i Board of the Foundation of the Scandinavian Journal of Statistics 2003. 
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for j = 0, 1, 2, 

zM(t; y) = lim ZM(t; y) = (y;t) n-oo sM (y; t) 

almost surely, and 

Mi (t; / = ] I(ci >s)[dNV(s) - Ao(s) exp(/3'zi)dpo (s)] 

and 

MiP4(t; a) = ] I(c1 >s)[d0j(s) - exp(o 'zi)dpo(s)], 

for t E [0, z] 
We may obtain a consistent estimator for ZM, denoted by ZM, by substituting AM(/3, a) and 

BM(/3, a) in (14) withAM(13n, &n) and BM(135, &n), respectively, where 

AM(/3, 2) 1 _&(Un"(j;Ir, 1), U (x; 0, 1)) (17) 

that is, 

- Zdiag (a1ji(A, a), a22i(p, a)) 

with 

aMi(l) a) t I(cikt [$(f; t)- 0tp)2]di a* ,(l,i a) = I(ci ?t) [, t - ZM(t; /3)] dNi(t) 
JO [S~m (3t)J 

and 

*2(,B, X) = j [(c ?t) 
M 
_?( )t) - (t; a) 2] doi8(t), 

and 

1 fo IJ[zi -Zm (t; f)dk~If (t;/3 I 
nM13 i= 

- 

o [fJi[-z M(t; ox)]dklp (t; 
)J(8 

with 

t 

M/'(t; /3) =]= I (ci > s) [dNi (s) - exp (t'z1)d dAo (s; 3)] 

and 

a0t;c) =] (c1 >,s)[d0j (s) - exp(ctYzj)di0 (s; a)] 

Here Ao( ;3) and oi0(.; cx) are the Breslow estimators for Ao(.) and Po(), respectively. 
Notice that the modelling of the observation process links information obtained at different 

observation times. The method presented above is applicable to the situations where 
E{oi(t)} = 0, for all t E [0,r], such as where Oi(.) is a Poisson process. 
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3. Example 

This section presents an analysis of the bladder cancer data by applying the two proposed 
methods. The bladder cancer study consisted of three treatment groups: placebo, thiotepa and 
pyridoxine. There were 121 subjects with superficial bladder tumors randomized into one of 
the three groups at study entry. Identical tablets were given daily by mouth to the subjects in 
the placebo and pyridoxine groups, while for the subjects in the thiotepa group, thiotepa was 
instilled into the bladder for two hours once a week for four weeks and once a month 
thereafter. In the following we focus on the placebo and thiotepa groups with respective sizes 
of 47 and 38. 

The total number of subjects of interest is n = 85, and the time period under consideration is 
over four years since the entry of the first subject (i.e. z = 48 months). Let NJ(.), a counting 
process, represent the accumulated new tumor numbers of subject i over study period. Records 
on NJ(.) available are only at the subject's finite number of clinical visits. See Tables 1 and 2. 
The data are in months, a discrete time scale. As mentioned in section 1, Tables 1 and 2 
indicate that the visiting patterns were different from subject to subject, and the thiotepa group 
tended to visit the clinics more frequently than the placebo group. Let zi be a 3-dimensional 
vector with the first component indicating whether the subject was in the thiotepa group, and 
the second and third components being the number of tumors observed at the beginning of the 
study and the size of the largest initial tumors, respectively. The censoring time ci of subject i 
was his internal time at the database closing. Since there was no record of ci on hand, we took 
the last visit time of the subject to approximate ci in the analysis when the approach described 
in section 2.3 was used. We considered the semiparametric model (1) and estimated the 
regression parameter IB (=l1, N2, /3)' from the cancer data. 

Using weight function w(.) = 1 and solving the estimation equation Un,Bfl; N, w) = 0 given 
in (4), we obtained an estimate for the regression parameter, 3,c = (-1.36,0.28, -0.07)'. The 
estimated standard deviations were 0.45,0.09,0.12 for each component of /3, respectively. The 
second approach, taking w(.) = wo(.) 1 and the model of (11) for the observation process, 
gave another estimate for / as AM = (-1.48, 0.28, -0.08)' with respective estimated standard 
deviations 0.35,0.07,0.12. Both estimates for fll, the coefficient of the indicator for the 
thiotepa group, are negative. This indicates that thiotepa reduced the tumor recurrences. In 
fact, based on the asymptotic results of the two estimators and the estimated standard 
deviations, we see the effect of thiotepa was statistically significant. The results of both 
approaches suggest the number of initial tumors was significantly a useful prognostic factor to 
tumor growth, and the initial size of tumors was not. This is consistent with the analysis results 
presented in both Lawless & Zhan (1998) and Sun & Wei (2000). 

As a side-product, the second approach provided an estimate for the regression parameter 
of the observation process, ?, = (0.51, -0.01, -0.03)', with estimated standard deviations 

0.28,0.08,0.09, respectively for each of the components. Note that an approximately 95% 
confidence interval for the coefficient of the indicator of the thiotepa group was (-0.04,1.05). 
This suggests the thiotepa group visited clinics rather more frequently than the placebo group, 
while visiting pattern did not appear to be associated with the initial tumor number and size. 

It, from another perspective, indicates that inferences on the effect of thiotepa without 
adjusting for observation mechanism could be biased. Specifically in this situation, the effect 
could be underestimated heavily. Approaches taking into account observation patterns of the 
different treatment groups, such as the two methods presented in section 2, are in need for 

analysing data of this type. 
To check whether the modelling (11) is appropriate for the study, we stratified the subjects 

into eight groups according to their covariates: in the placebo or thiotepa group, with number 
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placebo & initialnum=1 & initialsize=1 
----- -- placebo & initialnum=1 & initialsize>1 

- placebo & initialnum>1 & initialsize=1 
c\ --- placebo & initialnum>1 & initialsize>1 / 

E -- thiotepa & initialnum=1 & initialsize=1 
o -- thiotepa & initialnum=1 & initialsize>1 .2 
co - --- thiotepa & initialnum>1 & initialsize=1 / 
2 S = thiotepa & initialnum>1 & initialsize>-l 
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Fig. 1. Estimated means of observation times for different groups. 

of initial tumors equal to 1 or larger, and with the initial tumor size equal to 1 unit or larger. 
Figure 1 shows non-parametrical estimates of the mean numbers of observation times for the 
groups, obtained using 

^-i (t) I Ec >' S(i( ) dO(s), 

where Vk represents group k. It appears that the means over time are quite proportional to 
each other. This indicates that in the current situation it is feasible to apply the second 
approach. 

The use of weight functions allows us to place greater emphasis on certain time periods. 
Table 3 presents estimates for f, = (fyi, I2, 3)', as well as their estimated standard deviations 
(in brackets), obtained by applying the two proposed approaches with different deterministic 
weight functions. Conclusions on the effect of thiotepa and on the influence of the baseline 
measures drawn by using different weight functions are consistent except for the case with 
weight function of w(t) = 1/t2. The weight function heavily emphasizes the response at early 
stage of subjects, where there were few observations. This may explain the apparently larger 
standard deviations in this case than in the others. The result in this case, combined with the 
results in the other cases, may suggest that it takes time for the thiotepa treatment to take effect. 

Wei et al. (1989) analysed the same cancer data. They focused on times to the clinical visits 
when new tumors were discovered. By using a counting process structure, the analysis presented 
here takes into account every visit and numbers of new tumors discovered at the visits. 

4. Simulation 

Finite sample behaviours of the proposed estimators were studied through a simulation. 
Motivated by the tumor data, we chose the following two simulation settings. 
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Table 3. Estimates and their estimated standard deviations by different weight functions 

Approach I1 Approach 112 

Weight 
function BI f2 fl3 f1 2 3 

t2 -1.333 (0.51) 0.317 (0.11) -0.101 (0.14) -1.615 (0.41) 0.348 (0.09) -0.103 (0.13) 
t -1.349 (0.49) 0.291 (0.10) -0.095 (0.13) -1.551 (0.38) 0.311 (0.08) -0.102 (0.12) 
v+/ -1.362 (0.47) 0.280 (0.10) -0.086 (0.12) -1.524 (0.34) 0.295 (0.07) -0.095 (0.12) 
1 -1.364 (0.45) 0.275 (0.09) -0.070 (0.12) -1.478 (0.35) 0.284 (0.07) -0.083 (0.12) 
1/0V -1.338 (0.44) 0.285 (0.09) -0.039 (0.12) -1.412 (0.35) 0.288 (0.08) -0.058 (0.12) 
1/t -1.288 (0.48) 0.327 (0.10) 0.018 (0.13) -1.336 (0.43) 0.325 (0.10) -0.011 (0.13) 
l/t2 -1.073 (0.73) 0.494 (0.13) 0.245 (0.20) -1.277 (0.70) 0.500 (0.13) 0.126 (0.16) 

1 Estimation conditional on observation process, presented in section 2.2. 
2 Estimation by modelling observation process, presented in section 2.3. 

4.1. Simulation setting A 

Simulate a trial over two years (i.e. 24 months) with two treatment arms, A and B; suppose 
that n = 100 subjects are enrolled staggeringly, and randomly distributed to each of the arms 
at entry. We generated independent mixed-Poisson processes Ni(t), t E [O, 24], with a rate of 
;i/6 for subjects i = 1,..., 50 on arm A, and with a rate of exp(-3/5)si/6 for subjects 
i = 51, .. ., 100 on arm B, where ;i were generated independently from the Gamma distribution 
with mean 1 and variance 5/6. We simulated observation processes Oi(t), t E [0, 24] as follows: 
(i) generate independent Poisson processes over [0, 24] with a rate of p for i = 1, . . ., 50 and a 
rate of pexp(2/5) for i = 51,..., 100, where p was chosen to be (a) 1/2, (b) 1/6, (c) 1/12 to 
reflect observations from dense to sparse; (ii) round up event times to the integers next to 
them. A sample of 100 independent random variables was generated from the uniform 
distribution on [0, 24] to play the role of censoring times. 

Taking the indicator of arm B as the covariate, from the simulated data we evaluated the 
estimators f3n and 141 along with their variance estimates proposed in section 2. We 
approximated the censoring times by the last observation times for evaluating ZM(t;y) in 
Uf(fi; N, 1) and U'Q(a; 0, 1) to get AM. Table 4 shows results from 1000 repetitions of the 
estimate evaluation. The /s in Table 4 are sample means of the estimates, the "mse/mv"s are 
the ratios of sample mean square errors vs sample variances, and the &s and as are sample 
means of the standard deviation estimates and the sample standard deviations of the estimates, 
respectively. 

Both approaches provided estimates for the regression parameter fi in the three situations 
(a), (b) and (c) with almost no bias relative to the standard deviations. See the corresponding 
ratios of sample mean square errors vs sample variance ("mse/mv"). Notice the standard 
deviations of the two approaches increase as p decreases, i.e. as the observations become 
sparser. From the comparison between the values of & and &, we see the variance estimates are 
close to the corresponding sample variances when p is 1/2 or 1/6. In the situations with sparse 
observation, where p = 1/12, the difference is getting larger. This is rather obvious in the 
second approach, which partially resulted from the approximation of censoring times by the 
last observation times. 

To study the asymptotic normal approximations, which one would use to obtain confidence 
intervals or tests on the regression parameter, we examined the Q-Q plots of the approximate 
pivotals (,B - 1o)/& vs the standard normal random variables. The plots suggest that the 
asymptotic approximations are sufficiently accurate for practical purposes. 
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4.2. Simulation setting B 

We generated data in the same way as in setting A except that the observation processes were 
simulated based on independent Poisson processes Oi(t), t C [0,24], with intensity 

= (t) = o/(6 + t) for the first 50 subjects and intensity p(t) = go/(2 + t) for the last 50 
subjects, where yo was chosen to be (a) 12, (b) 4, (c) 2 to match the previous setting with the 
same expected number of observations. Thus the model (11) used for the observation 
processes is inappropriate for the simulated data. 

Table 4 also summarizes results from 1000 repetitions of evaluations of the proposed 
estimators from the simulated data in this setting. Estimates for the parameter by the 
approach conditional on observation time points are close to the true value, and the two 
estimates for the standard deviations are similar. However, estimates for the parameter by the 
second approach depart from the true value as Ito decreases, that is, as observation is getting 
sparser. The bias in the case of po = 2 is not ignorable, relative to the corresponding standard 
deviations. This suggests that we should apply the second approach with caution. Checking 
for the model (11) of observation process, like the one performed in section 3, is necessary in 
practice. 

To address the asymptotic normal approximations, we also studied the Q-Q plots of the 
approximate pivotals ( - fo)/ vs standard normal random variables. The plots associated 
with the first approach indicate that the asymptotic approximations are, for the cases 
considered, sufficiently accurate for practical purposes. The plots for the approach 
modelling observation process show that the mean of the approximate pivotals differs 
from 0. 

5. Discussion 

This paper considers estimation of the regression parameter ,B in the semiparametric model 
for the conditional mean function of a counting process, E{Ni(t) Zi = zi} = Ao(t) exp(lzi), 
where only panel counts along with covariates for each subject are available and observation 
patterns possibly differ from subject to subject. Two estimation equation based approaches 
are proposed. They are easy to implement. The first approach is readily applicable to 
situations with time-dependent covariates and does not require modelling of the observation 
process, provided there are some time points where more than one subject has observations. 
In practice, this restriction may be met by discretizing the time scale. The second approach is 

based on modelling the observation process. It can be applied in situations not meeting the 

requirement on the observation. The second approach requires the values of the censoring 
times ci, and, if extended to situations with time-dependent covariates, it also needs the 

values on the covariate processes zi(t) at all the study observation points. This is in general 
not realistic, although there are situations where the state space of the covariate process 
contains only finite number of values and they may be observed. We remark that the 

proposed methods and discussions, with little modification, apply to the situations under the 

general models 

E {Ni (t) Izi (t)} = Ao (t) (13;zi (t)), t > 0 

and 

E{dOi(t)Izi(t)} = (o(ct;zi(t))dpo (t), t?>0, 

where the functions 0(/) and i({) are known, positive-valued and differentiable with respect to 

the parameters. 
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Another problem, which is of theoretical and practical interest, is estimation for the baseline 
Ao(t) of the mean function. Notice that both Ac (t; ,B) in (10) and dAo(t; f3)/dIdio(t; oc) in section 
2.3 are natural estimators, where Ao (t; ,B) and Po (t; oc) are the Breslow estimators for Ao (t) and 

Ito (t), respectively. Neither of them, however, ensures its evaluations are non-decreasing 
over time. 

This paper considers situations where Ni (), Oi (-), and the censoring time Ci are independent 
conditional on covariate Zi. There are situations where the assumption is violated. For 
example, the clinical visits of asthma patients may be driven by the number of the asthma 
attacks previously to the visits. Then, the presented approaches may lead to biased estimates. 
If the dependence is specified, however, the approaches can be adjusted accordingly. For 
example, suppose that 

E{Ni (t) I ?i (t), zi (t) } = AO (t) exp (yOi (t) + #3zi (t)0) (19) 

We may apply the approach conditional on observation process to obtain an estimator for the 
parameter (y, 13)', and thus to obtain an estimator of /3, the regression parameter of interest. 
Notice that the estimate of y could reveal the dependence between the response and 
observation processes. We may conduct a model diagnosis for the independence assumption 
based on a hypothesis testing on y. In some practical situations, as pointed out by a referee, it 
would be more natural to model how observation pattern depends on the history information 
of the counting process. We need to search for a reasonable model on Oi(t) conditional on 
{Ni(s): 0 ss < t}, and then consider inferences accordingly. 

There are several other issues worthwhile further investigation. One interesting problem, for 
example, is how to choose the optimal weight function or an almost optimal weight function, 
not necessarily deterministic, in each of the two approaches. 
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Appendix A. Asymptotics of fin 

In the following we establish the consistency and weak convergence of the estimator /c and 
the consistency of the covariance estimator Zc. We are concerned with the case of w(.) = 1, for 
t C [0, T]. Results given below may be straightforwardly extended to situations with general 
deterministic weight functions. We denote the true value of / by fiO. The proofs below utilize 
approaches similar to those of Bilias et al. (1997). 

A.]. Consistency of /3c 

For j = 0, 1, 2 and ,B E .e = {,B: lB - 3o II As} with e > 0, by the strong law of large numbers, 
S(j) (/; t) converges almost surely to s() (/3; t). Define a pseudo partial log-likelihood as 

n = E j (ci . t) [(/ - /3o)'z* - log d V)]di(t) 

We see that Xnc(/3) converges almost surely to 

Xc(l) = E{ I(Ci At) [(O -o)'Zl -log (0) dJ (t) 

Notice that 02X?(3)/o,&2 = Ac(#) in (8) is negative semi-definite. Therefore we have 

sup IIXnC (,B) - .c (c/)II I 0 (20) 
#BE-4 

almost surely. Since &Xc(/O)/&/3 = 0 and 023C(#O)//a#2 = Ac(/O) given in (5) is negative 
definite, X(/) has an unique maximizer /O. This fact, together with (20), implies that there 
must exist a maximizer of Xnc(/3) in the interior of M, Therefore, 

aX?C(/3) 1C 
-X( Un u(#;N, 1) =? 

n 

has a solution, say, f3n, within .9, 
On the other hand, 02Xn(/30)/O/2 converges almost surely to 5ICC(/O)/&/32. This along 

with the fact that &93Xf(/)/O/3 is bounded ensures existence of e such that n2XC(/)/&/32 is 
negative definite for # E M, when n is large enough. Thus 2XnC(1nc)/&/2 is negative definite, 
which implies that /c is the unique global maximizer of X(,B) in .i, i.e. the unique solution of 
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J (/3; N, 1) = 0. Finally, since e can be chosen arbitrarily small, /3n must converge to 13o almost 
surely, as n oo. 

A.2. Weak convergence of /3C 

Notice that 
n oT 

Un(0;N,l) = [zi-Zc (t; flo)] dMic (t, /3o)- 

Following the arguments in Bilias et al. (1997) we can show both {[Mic(t; /3o),t E 9] 
= 1, .. ., n} and {[f'zidM!c(s; 130), t E Y] i = 1, ..., n} are manageable (Pollard, 1990, pa. 38) 

and hence {(n-1/2Z=1MiC(t;1o), n12Zi Mic(s;fc))'} E converges weakly 
to a zero-mean Gaussian process with index in Y, say (WC, WC)'. 

By the strong embedding theorem (cf: Shorack & Wellner, 1986, th. 2.3.4), we can construct 
a new probability space and have {(n-1/2 En IMic(t; f 1) 2 n-12 71z2 fE dnc(s;/30), 
S(?)((3o; t), s~?(/)0; t))}te almost surely convergence to { WMC, WM,c so) (,Bo; ), sC1) (,Bo; )} Then 
we may show that almost surely, as n -* oo, 

1n rT 

[2c(t;f3) -Zc(t; 13)] dMic(t, fl0) -, 0 

Thus n-12 Uncf(o; N, 1) is asymptotically normal in the original space. 
By the Taylor expansion, 

VI-( #nc _ Xo ) = -AC(,B* ) UnC 0 0; N, 1) 

with Ac(/3) = n-1 UnC(#;N, l)/l/3 in (8) and 13* on the line segment between /3o and i3c. The 
consistency of f3c to I3o and Ac(13o) to O2XC(#O)/&a2 = Ac(flo) together with the weak 
convergence of n-1/2 Unc(flo; N, 1) yields the asymptotical normality of \H(I3c - I3o) with mean 
zero and covariance matrix Zc. Notice that the weak convergence of the estimator may be 
derived by using a multivariate approach since - is finite in the current situation. 

A.3. Consistency of Zc 

Notice that Bc(f3o) in (9) is asymptotically equivalent to 
[j 

Zi 
- ct 
A o 

)MC(t; /#0) 
02 

which is consistent to the asymptotical covariance of n- 12 Unc?(o; N, 1), Bc(flo) given in (6). 
This along with the consistency of /3c and Ac(13o) and the continuity of Ac(.) and Bc(.) leads 
Zc in (7) a consistent estimate of Zc. 

Appendix B. Asymptotics of fln 

In the following we establish the consistency and weak convergence of the estimator fin and 
the consistency of the covariance estimator ZM. We are again concerned only with the case of 
w(.) = 1 and woQ ) = 1, for t E [0, z]. Results given below may be straightforwardly extended 
to situations with general weight functions. We denote the true values of ,B, /3 and a by flo, /3o 
and ao, respectively. We again utilize approaches similar to those of Bilias et al. (1997) in the 
proofs below. 
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B.]. Consistency of f3m 

For j = O, 1, 2 and either y = =, + a E ={ | l - Po I I -<,I} or y = oa E sE= 

{a: Lx -coll -o } with E > 0, by the strong law of large numbers, SO)(y; t) converges almost 
surely to SM) (y; t). Define 

fJ I(cz t)>{f(fl-f0)'Z -log M (/; t) IdN(t) 

n fJ I(ci t) P O, zi ( x) t) ' ( 
X, X) (0)~~~~~ d0(t 

SM(O (io; t)j 
and 

M ;(l t ( 0)Z o ( ,dN,(it) | | 

XM(i9, ci) E= (MO (,X0;t)J 
t I g It k t) [( )'z s (M (z; t] dO (t) - J 

Taking arguments similarly to appendix A, we have 

sup IIX,M( , oc) -CM(I,m), x) 0, as n - oc, (21) 

almost surely. For H= (HI,H2)' and a = (al,a2)', let &*H/&*a= (OHi/&al0H2/0a2) 
Notice that 0* M(flo, cxo)/a* (f, a) = 0 and a [a*M(f(o, co)/a*o(, ia)] /(1, ao) = AM(13o lo) 
given in (15) is negative definite. This with (21) implies that there must exist a maximizer of 
X M(pi, a) in the interior of M, x , Therefore, 

[i) 1 [u((. 1 0 (22) 

has a solution, say, (fn, 3in), within M, x -d,. We can show that (1,2,&n) is the unique 
solution of (22) and converges to (Po, cxo) almost surely. Therefore < =fmfn- in is con- 
sistent. 

B.2. Weak convergence of /3M 

Notice that 

U ~~n rT 

Un (fio;N, 1) = i-ZM(t; o)} dM (t, o) 

and 
U ~~n rT 

Un'(ao; 0, 1) = z - ZM(t; xo)} dMi (t, ao). 

Similarly to appendix A but with (0, z] instead of the set Y, we may show almost surely 

1 [f {ZM (t;#o ) -(t; 3o}) dMY (t, lo ) I 0, as n -+ oc. 
7n i=l m Lo (t; ao) -ZM (t; ao) I dMp (t, aot) J 

Thus (n-1/2 UM(o0;N, 1), n-1/2 U;' (ao; 0, 1)) is asymptotically normal. By the Taylor expan- 
sion, 

v/iKnf] =~~(ic*1Un (13o;N, I] 
? B n ao Sadnavian Jouoa -o , 1) 2 
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where AM(f, a) = n-'&9(Un'(f; N, 1), U (a; 0, 1)) / a(f, a) given in (17) and ,B* and a* are on 
the line segments between fio and fAn and between oo and &a, respectively. The consistency of 
(13n, &) to (fi,B oo) and AM(13o, ao) to AM(fio, ao) together with the weak convergence of 
(n-/12UU'(fi;N), 1), n-/2U;" (ao; 0,1 ))' ensures the asymptotical normality of f(n-/o, -PO 

a -o)' with mean zero and covariance matrix 

FM = AM(fO) ,o) o BM(13o, aO)AM(f3o, oo) 

Therefore v/?(f3n - fib) weakly converges to a normal distribution with mean zero and 
covariance matrix ZM. 

B.3. Consistency of ZM 

Notice that BM(13, a) in (18) is asymptotically equivalent to 

1 E [zi -zM(t; ZM )]dMi(t; a) 1 n yLfo[ M(;c]dMp (t; a) 

which is consistent to BM(/3, a) (16). Recalling the consistency of (13, &n), AM(j, a), Ao(; 13), 
and 0o(-; a) and the continuity of AM(), BM(), Ao (Q; 1) with respect to ,B, and Po 0(-; o) with 
respect to a, we see that ?M is consistent to ZM. 

?) Board of the Foundation of the Scandinavian Journal of Statistics 2003. 
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